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I. INTRODUCTION 
In ordinary perturbation theory a parameter is introduced as a multi- 
plicative factor in the potential and the \-;ave function and energy of the sys- 
tem are expanded in powers of this parameter. It is natural to ask if the 
parameter can be introduced as a multiplicative factor in the kinetic energy 
instead. The answer appears to be no because the natural solutions of the 
Schrodinger equation without kinetic energy, 
are delta functions 
V 0x0 - -E 0x0 9 
x0 = S(x - x0) 
for which 
E, = V(x,). 
For wave functions sharply localized in space the kinetic energy must be 
infinite according to the uncertainty principle. Thus it appears that it is not 
appropriate to treat the kinetic energy as a perturbation. 
The purpose of this work is to investigate a method by which this difficulty 
can be overcome and to evaluate the usefulness of the perturbation theory 
which results. 
II. THE METHOD 
Consider the Schrodinger equation for the one-dimensional motion of a 
particle in a potential well 
-g-$+ V(x)x =Ex. (1) 
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I f  we were to proceed to solve this equation numerically we would replace 
Eq. (1) by some difference equation, the simplest of which is 
2~~x(~+1)+X(m--1)+2X(m) 
6” + qmq x(m) = Ex(m). (2) 
Although the kinetic energy operator in the Schrodinger differential equation 
can never be treated as a perturbation, this is not the case for the difference 
equation. We can place a parameter A in front of the kinetic energy operator 
in the difference equation and compute the Rayleigh-Schrodinger perturba- 
tion expansion. In many cases of interest the perturbation expansion may in 
fact have a finite radius of convergence. As will become apparent on the 
basis of the example which we consider, that radius will not include X = 1 
if the mesh size 8 has been chosen sufficiently small to provide a reasonable 
approximation to the differential equation. 
It is therefore necessary to analytically continue the series solution outside 
its radius of convergence or alternatively to sum the perturbation series for a 
value of h for which the series is divergent. We propose to attempt to do the 
latter by the method of Pad& approximants. 
In order to derive the perturbation expansion we insert a parameter in 
front of part of the kinetic energy operator 
1% ; + V(mS)/ X&n) - A gl; (x,,(m + 1) + X.&f2 - 1)) = -&x,(m). (3) 
We number the mesh points *a. - 3, - 2, - 1, 0, 1, 2, 3 ,... where If(O) 
is the minimum value of I’(&). We seek an expansion of the ground state 
energy and wave function. 
Obviously, 
XA = x0 + Xlh + X2h2 --* (4) 
EA = E, + EJ + E,P -a.. 8 (5) 
xow = *m>o (6) 
E, =A + V(0). 
The Rayleigh-Schrddinger perturbation leads to the following general 
recursion formulas for the successive terms: 
x&> = 
& {xn& - 1) + xn& + 111 + 5’ Eixn-i(m) 
i=l 
V(m8) - V(0) 
En = & {xn-l(l) + xn-I(- 1% 
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III. TEST CASE, HARMONIC OSCILLATOR 
Let us suppose that the particle is held in place between two rigid walls 
by two springs with spring constant k so that P(x) = k2. (We characterize 
the harmonic oscillator in this way so that it will be a special case of the 
finite coupled chain with ends fixed which we discuss in a second paper.) 
Equation (8) becomes 
x744 = 
& {xn-lb - 1) + Xn-I@ + 1)) + 1 g xn-i(?fi> 
rrl2 
E,- 
kli2 - - &{xn-‘(‘) + xn-I(- 1)). i9) 
For simplicity we absorb hz/2MkS4 into A, then using the recursion formula 
Eq. (9) we compute the series 
(10) 
We have programmed the process for a computer and computed the series 
to many terms. The results through forty orders are shown in Table 1. 
IV. CONNECTION OF THE TEST CASE WITH MATHIEU FUNCTIONS 
Let x(m) be the coefficients of the Fourier expansion of a periodic function 
f (4. 
f(k) = f x(m) f&a 
-xl 
Substitution of 
x(m) = jT ‘$E=f(k) dk 
-77 
for x(m) in the difference equation leads to the differential equation 
&f(k) - (2h - & - 2h cos k)f(k) = 0. 
(11) 
(12) 
(13) 
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TABLE 1 
COEFFICIENTS OF THE PERTURBATION SERIEIS FOR E/kF 
1 2. 
2 -2. 
4 3.5 
6 - 1.288888888888 x 10’ 
8 5.962413194444 x 10’ 
10 -3.092675000000 x lo? 
12 1.719428922111 Y lo3 
14 - 1.001655683901 x lo4 
16 6.034695061348 x lo4 
18 -3.729186024042 x lo5 
20 2.350661569632 x lo6 
22 - 1.505531787301 x 10’ 
24 9.769566688742 x 10’ 
26 - 6.409340386896 x lo* 
28 4.244080349825 x lo8 
30 -2.832814108473 x lOlo 
32 1.903973902440 x 10” 
34 - 1.287481576343 x lOI2 
36 8.752893592559 x 10ra 
38 - 5.979114693407 :’ lOIs 
40 4.101859178731 x 10” 
This is the Mathieu differential equation [I] and it can be put in the canonical 
form 
&i + (u - 2q cos 2a)f = 0 
by the change of variable k + 2v + r. 
Then 
q = 4x. (15) 
The requirement that f be periodic in v  with period rr means that f is a 
Mathieu function. f is the even Mathieu function of v  with the lowest charac- 
teristic value. The series Eq. (10) is identical with a well known [l] expansion 
for the characteristic value a, of the corresponding Mathieu function. 
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It has been found that the characteristic values a, and a2 have a common 
value at points corresponding to X = f 0.36719213i [l]. In other words, the 
ground state and the second excited state cross for these imaginary values of A. 
The radius of convergence of the series therefore is not greater than 0.3671. 
The wave function for the ground state of the harmonic oscillator is 
where 
so that 
x(x) = e-x2@ (17) 
fi2 
a4=m, (18) 
A = + (g): (19) 
The perturbation solution to the harmonic oscillator difference equation 
diverges for 
6 < 0.9084a, (20) 
intuitively a very reasonable result. 
V. SUMMATION OF THE SERIES BY PADS A~PROXIMANTS 
For a harmonic oscillator, E(A)/kS* N @. The sequences of PadC approx- 
imants which most nearly have this asymptotic behavior are the [N, N] 
and the [N, N + 11. In order to have a sequence of approximants which 
has the correct dependence on h as h -+ co one might consider taking the 
harmonic mean of approximants from the two sequences. It appears however 
that such a procedure offers little if any advantage. 
Table 2a lists the ratios of the values of the Pad& approximant ErNeNl(h) 
to the exact eigenvalue of the difference equation. Table 2b lists the values of 
EcN,N+I1(X)/E(A). Exact values of E(h) are easily computed by solving Eq. (2), 
taking x(O) = 1, x( - 1) = x(1) and requiring x(m) ---f 0 as m -+ co. 
VI. DISCUSSION 
It appears that both sequences give good convergence for h = 1 which is 
well outside the radius of convergence of the series. One particular subse- 
quence of approximants, the [2N + 1,2N + l] sequence appears to be 
converging reasonably well for X = 6$* The difference between the higher 
PadC approximants we have computed from the sequence and the exact eigen- 
108 GAMMEL, ROUSSEAU, .4ND SAYLOR 
TABLE 2a 
E~,,Jh)/E(X) WHERE I&#) Is THE APPROXIRNNT VALUE OF E(X) DERIVED 
BY TAKING THE [n,n] PADS APPROXIMANT TO THE SERIES FOR E(X)/W 
AND E(h) IS THE EX.XT VALUE 
h 
12 1 .ooooo 1.56250 2.77171 6.25 25.0 
1 1 .Ol 
2 .8 
3 1.03 
4 .96 
5 1.007 
6 ,992 
I 1.002 
8 .998 
9 1.0005 
10 .9996 
11 1.0001 
12 .99990 
13 1.00003 
14 .99998 
1.03 
- I  
1:;3 
.9 
1.02 
.96 
1.008 
.99 
1.003 
,995 
1.001 
.998 
1.0006 
.9993 
.92 .I .4 
.5 .3 .2 
,994 .8 .5 
.8 .6 .3 
1.01 .9 .6 
.9 .7 .4 
1.01 .94 .6 
.93 .8 .4 
1.009 .97 .7 
.96 .8 .5 
1.006 .98 .I 
.98 .9 .5 
1.004 .99 .7 
.99 .9 .5 
TABLE 2b 
EI,.,+,I@)IE(~) WHERE %.~+II (,\) IS DERIVED FROM THE [n,?z + 1 ] 
PADS APPROXIMXNT TO E(A)//@ 
n 1.0000 1.5625 2.71777 6.25 
2 1.3 1.8 2.8 4.5 
4 1.09 1.3 2.2 4.0 
6 1.02 1.1 1.8 3.6 
8 1.005 1.06 1.5 3.2 
10 1.001 1.02 1.3 2.8 
12 1.0003 .99 1.2 2.5 
14 1.00007 1.004 1.1 2.2 
16 1.00002 1.001 1.06 2.0 
18 1.00001 1.0006 1.04 1.8 
20 1.00001 1.0004 1.02 1.6 
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TABLE 2c 
E(A)/E( “c) WHERE E( CO) IS THE GROUND STATE EIGENVIZLUE FOR THE DIFFERENTIAL 
EQUATION [SEE EQ. (1) ] 
1.ooooo 1.5625 2.77777 6.25000 25.00000 
.92987 .94654 .96063 .91432 .98734 
value of the difference equation is less than the difference between the 
eigenvalue of the difference equation and the differential equation; in other 
words we can compute the eigenvalue of the difference equation where 
6 = .5a with adequate accuracy considering the crudeness implied by the 
use of such a coarse mesh in the difference equation. 
It would seem reasonable that for this example the method could be pushed 
without great difficulty to get good accuracy with 6 = .la, for example. In 
order to do this it would be necessary not only to compute higher approxi- 
mants; it would also be necessary to compute the terms in the series to 
substantially higher precision in order that these higher approximants be 
accurate. 
This requirement that many terms must be computed to very high accuracy 
in order to get accurate results appears certain to prove a severe obstacle 
when the method is applied to the much more complex problems of actual 
physical interest, assuming that more than qualitative results are desired. 
As an attempt to improve this situation a following paper describes a 
generalization of the Pad& approximant which results in a sequence of 
approximants which converges more rapidly than the sequences exhibited 
in Table 2. 
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